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Abstract 

We show that the algebra of the bicovariant differential calculus on a quantum group 
can be understood as a projection of the cross product between a braided Hopf algebra 
and the quantum double of the quantum group. The resulting super-Hopf algebra can be 
reproduced by extending the exterior derivative to tensor products. 
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1. Introduction 



On the superalgebra of the bicovariant differential calculus on a quantum groupf A we 
introduce a Hopf algebra structure in two different ways. The first approach starts from 
a set of commutation relations between the Hopf algebra maps of A and the bicovariant 
exterior differential d. These commutation relations yield a consistent super- Hopf algebra 
structure on the differential algebra. The resemblance of this structure with the ordinary 
Hopf algebra of inhomogeneous quantum groups leads to the second approach. Starting 
from the braided Hopf algebra of the Maurer-Cartan 

one-forms it is possible to obtain a Hopf algebra by a bosonization procedure. This Hopf 
algebra contains the quantum double of A as a subgroup. By introducing an appropriate 
projection it is possible to reproduce the results of the first approach. 



2. Hopf structure for bicovariant Differential calculus on Quantum 
Groups 



We first recall the general notions for a bicovariant first order differential calculus on a 
quantum group A with multiplication m, comultiplication A, antipode S and counit e 
introduced by Woronowicz in ref . [Wor] . 

A bicovariant first order differential calculus is a differential calculus 
(F, d) such that F is a left and right A-comodule and d satisfies : 

d: A^r 

d{uw) = {du)w + u{dw) 

AR{du) = {d®id)A{u) and AL{du) = {id®d)A{u) , (1.1) 

where and are left and right coactions of A on F. Furthermore we require that F is 
a bimodule over A ([Wor]). The explicit bimodule relations compatible with the coactions 
on the space of 

one-forms have been studied in terms of i?-matrices in refs.:[CSWW], [Jur], [Zum]. 
In the following we use a left-invariant basis for the above defined 

bicovariant bimodule F. These basis elements are expressed in terms of the Maurer- 
Cartan forms LO^j — m{S ® d)A{fj) ( are the generators of the quantum group A ) 
through 

oj'j = e''ix'k{fj), (1.2) 

f For simplicity we assume that the quantum group is of type An-i 
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where x ^"^^ the vector fields on the quantum group A defined 
through du — [x\ * u)Q^i (compare 

[CSWW], [Jur], [SWZ], [Wor], [Zum]). The bimodule relations have the form : 

Q'^u={{l+\S{l-yj)*u)Q\, (1.3) 

where Z"*",/" are the generators of A* introduced in [FRT]. Using the above relations, the 
algebra corresponding to the bicovariant differential calculus can be defined in the following 
way 

A:^(U<fj,Q'j>^{I,J,K), (1.4) 

where / is the defining ideal of the quantum group A, J is the ideal which 
is generated by the bimodule relations (1.3) 
and K is given by 

K := Pr^'ikQ'jQ''l , (1.5) 
where Pr are the projectors defined in [CSWW] by the following equations: 

Pr{l-a) = 0,r = 1,2 

cT''''''jj'k'k = {1+\S{1-)' ^){S{f' k>y' r) . (1.6) 

On the so defined differential algebra we now obtain a (super-) Hopf algebra structure 
starting from the following requirements. 



d[a ® h) 


= da 


[A,d] 


= 0, 


[S,d] 


= 0, 


[e,d] 


= 0, 


S{ab) 


= (- 


(1 (g)a)(6(g) 1) 


= (- 



'"'■''''(6(8) a), a, be ^ are homogeneous elements of degree |a|, |b| . 

(1.7) 

The algebra homomorphism property of the comultiplication with respect to the bimodule 
relations which generate the ideal J follows directly from the definition of the bicovariant 
bimodule T. The algebra homomorphism property with respect to eq.(1.5) can be shown 
as follows: using eq. (1.2) it is easy to calculate the coproduct, the counit and the antipode 
for the ©'s, 

A(e^,) = ® s{t\)t^j + 1 ® e%- , 

e(e^,)=0, (1.8) 

Inserting this comultiplication in eq.(1.5) and using the definition of the 
projectors from eq.(1.6) together with the bimodule relations one verifies 
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immediately that the comultiphcation on the forms leaves the ideal K invariant. All other 
Hopf algebra axioms can be checked directly. Writing the comultiphcation, the antipode 
and the counit in terms of the basis forms exhibits a close resemblance between the 
differential (super-) Hopf algebra and the Hopf algebra of inhomogeneous quantum groups 
as introduced in reference [SWW]. It was shown by Majid [Majl] that one can reconstruct 
the Hopf algebra of inhomogeneous quantum groups through a bosonization procedure from 
the braided Hopf algebra of pure translations. In the next chapter we recall the notions in 
[Majl] and then we show that the above defined differential Hopf algebra is related to a 
Hopf algebra which fits in the general bosonization scheme as defined in refs.:[Maj2] [Maj3]. 
The procedure defined in eq.(1.7) is applicable to every bicovariant differential calculus on 
a Hopf algebra if the differential algebra has a basis of left invariant one-forms il^ with 
quadratic relations RuVt^Vt"^ = and satisfies 

Rij {^R{n')^L{nJ) + ^L{n')^R{nJ)) = o . (1.9) 



3. Bosonization of the braided Maurer-Cartan Hopf algebra 



Following e.g. ref. [Maj3] B = {B, A, S, e) is called a braided Hopf algebra if B is an 
algebra and the maps 

A : B ^ B <Si B, e : B ^ W, S : B ^ B satisfy the Hopf algebra axioms with respect to 
the following algebra structure in B <Si B: 

(a® 6) ■ (c® d) = a^'(6(g) c)ci, (2.1) 

with \& replacing the normal transposition r ( the detailed properties of are listed in 
[Maj3]). The antipode is braided antimultiplicative 

S{ab)=m^{S{a)^S{b)). (2.2) 

The algebra M of the Maurer-Cartan forms with relations (1.5) can be turned into a 
braided Hopf algebra using the following definitions: 

A(0) = e ® 1 + 1 ® = 0(1) ® 0(2) , 

e(0)=O, (2.3) 
5(0) = -0. 

The Braiding is given by 

■^{Q'j ® 0^) = {-l)a-\&j ® 0^) . (2.4) 

In the following ® stands for a graded tensor product with standard grading (compare 
eq.(1.7)). The braiding ^' satisfies all the properties listed in [Maj3]. Now we consider 
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the coaction of the Hopf algebra A on the braided Hopf algebra of the Maurer-Cartan 
forms. In the following we assume that the one-forms transform trivially under the 
left coaction and form a representation space for the right adjoint coaction. Therefore we 
are able to follow the construction by Majid ([Majl]). First of all one has to identify the 
braiding introduced in (2.4) as being the adjoint representation of some universal structure 
defined with respect to the Hopf algebra A, i.e. if X, Y are two right comodules of the 
quasitriangular Hopf algebra A then the braiding can be written in the form : 

^{x ®y) = y(^) ® x^^^ R{x^^^ (g) y^^)) , (2.5) 

where $(x) = x^^^ ® x*-^-*, $(y) = y*-^-* (S> t/*-^-* are the right coactions and R is the universal 
R-matrix of A. The algebra relations for this generalized semidirect product are given by: 

{x ® 1)(1 a) = (1 ® a^^^){x < a^^) ® 1) , (2.6) 
with x & X and a & A and 

x<a:= x^'^^ R{x^^^ ^a) . (2.7) 

In the case of the braided Hopf algebra of Maurer-Cartan forms one has to be more careful 
in defining the bosonized Hopf algebra because applying eqs.(2.6),(2.7) in a naive way 
would lead to a trivial differential calculus where the scalar one- form X (see [CSWW]) 
commutes with all the elements of A. Such a differential calculus does not coincide with 
the calculus defined in section 2. Even allowing for some function of R in eq. (2.6) docs 
not solve the problem because the right transformation of X is trivial and therefore does 
not respect the definition of the exterior derivative on forms. This problem can be solved 
by realizing that the dual Hopf algebra A* can be embedded as a *-Hopf subalgcbra in the 
quantum double D{A*) of A* defined by [RS] (see [CEJSZ], [Jur2], [Pod] for the involution 
properties) : 



m = 


(m (g) m)ai2 , 


A = 


i?^3V23(A® A)i?23 


e — 


e ® e , 


S = 


R2i{S S)R]:^\ 


R = 


-^41^-^42^ -^13-^23 7 


(a(g)6)^ = 


R2l{b^ ^ a^)R2i . 



(2.8) 



( In the following we will use the Hopf algebra (D(A*), R^4\2))- The Hopf subalgebra 
embedding is given by A (A*). The connection to the bosonization procedure described 
above is done using the following identity: 

^ui2{s{tyj ® t'^i ® id ® id) = A{i+'jS{rfi){id ® id) . (2.9) 

Eq. (2.9) implies that 

Ar:b^b^ d{a*)*, with Afl(e*j) = ® sitYk^t^j = e^^^ ® e^^) , (2.10) 
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where a<^b is the bicrossproduct in D{A*)* and satisfies 

{a®b){c^d) = m(i?32 *{a0b0c0d)* R^^) ■ (2-11) 

On the other hand eq.(2.9) also shows that adopting this convention is enough to reproduce 
the bicovariant difi'erential calculus described in section 2 because the half representation 
of the universal R-matrix defined in eq.(2.9) lies already in the Hopf algebra embedding of 
A* in D{A*). Therefore it is not necessary to extend the coproduct on ^ to a mapping to 
A^D{A*)*. 

The coproduct of the Maurer-Cartan forms in the bosonized Hopf algebra Mx\D[A*y 
is defined through (1 is the unit in D{A*)*)-\ 

A(G (8) 1) = (G«(i) (8) 1) (g) (1 (8) e(2)(i))(e(2) (8) 1) • (2.12) 

Using (2.5), (2.6) and (2.9) we obtain the following expression for the algebra relations in 
Mx\D{A*)* 



{Q'j O 1)(1 ® a®6) = (1 ® a(i)®6(i))(e'=z ® 1) Ii^l^^{S{tyk ® t^j ® a^2) ® ^>(2)) 
= (1 ® a(i)®6(i))(e^ ® 1) {l+\S{l-fj){a^2)bi2)) ■ 

As already pointed out earlier, eq.(2.13) shows that the commutation relation 
do not distinguish between elements from the quantum double of A and A itself. Therefore 
it is possible to introduce the following *-homomorphism from the quantum double to the 
original Hopf algebra A 

if : D{A*)* A, with (p{a0b) = m(a®6) . (2.14) 

The homomorphism property can be verified directly using the definition of the 
product in the quantum double (2.11). 

The application of the projection (p on Mx[D[A*)* (where ip is the identity on M ) 
yields the Hopf algebra defined in section 2 through eq.(1.7). Therefore we obtain the 
following equivalence: 

{Mx\D{A*y, A, S, e) ^ {A, A, S, e) . (2.15) 



f For simplicity we use the same symbol for the coproduct in D{A*)* and M><\D{A*y . 
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